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The role of the gravitational sector in the Lorentz- and CPT- violating Standard- Model Extension 
(SME) is studied. A framework is developed for addressing this topic in the context of Riemann- 
Cartan spacetimes, which include as limiting cases the usual Riemann and Minkowski geometries. 
The methodology is first illustrated in the context of the QED extension in a Riemann-Cartan 
background. The full SME in this background is then considered, and the leading-order terms 
in the SME action involving operators of mass dimension three and four are constructed. The 
incorporation of arbitrary Lorentz and CPT violation into general relativity and other theories of 
gravity based on Riemann-Cartan geometries is discussed. The dominant terms in the effective 
low-energy action for the gravitational sector are provided, thereby completing the formulation of 
the leading-order terms in the SME with gravity. Explicit Lorentz symmetry breaking is found to 
be incompatible with generic Riemann-Cartan geometries, but spontaneous Lorentz breaking evades 
this difficulty. 



I. INTRODUCTION 

The combination of Einstein's general relativity and 
the Standard Model (SM) of particle physics provides a 
remarkably successful description of nature. The former 
theory describes gravitation at the classical level, while 
the latter encompasses all other phenomena involving the 
basic particles and forces down to the quantum level. 
These two field theories are expected to merge at the 
Planck scale, mp ~ 10^^ GeV, into a single unified and 
quantum-consistent description of nature. 

Uncovering experimental confirmation of this idea is 
challenging because direct experiments at the Planck 
scale are impractical. However, suppressed effects emerg- 
ing from the underlying unified quantum gravity theory 
might be observable in sensitive experiments performed 
at our presently attainable low-energy scales. One can- 
didate set of Planck-scale signals is relativity violations, 
which are associated with the breaking of Lorentz sym- 
metry [1]. 

Any observable signals of Lorentz violation can be de- 
scribed using effective field theory [2]. To ensure that 
known physics is reproduced, a realistic theory of this 
type must contain both general relativity and the SM, 
perhaps together with suppressed higher-order terms in 
the gravitational and SM sectors. Incorporating in ad- 
dition terms describing arbitrary coordinate- independent 
Lorentz violation yields an effective field theory called the 
Standard-Model Extension (SME). At the classical level, 
the dominant terms in the SME action include the pure- 
gravity and minimally coupled SM actions, together with 
all leading-order terms introducing violations of Lorentz 
symmetry that can be constructed from gravitational and 
SM fields. 

The SME has been extensively studied in the 
Minkowski-spacetime limit, where all terms expected to 
dominate at low energies are known [3] . A primary goal 
of the present work is to construct explicitly the modifi- 
cations appearing in non-Minkowski spacetimes, includ- 
ing both those in the pure-gravity sector and those in- 



volving gravitational couplings in the matter and gauge 
sectors. Some previous work along these lines has been 
performed, and in fact the Lorentz- violating gravitational 
sector was among the first pieces of the SME to be stud- 
ied [4] . However, an explicit construction of all dominant 
gravitational couplings in the SME action has been lack- 
ing to date. 

The investigation of local Lorentz violation in non- 
Minkowski spacetimes requires a geometrical framework 
allowing for nonzero vacuum quantities that violate lo- 
cal Lorentz invariance but preserve general coordinate 
invariance. The Riemann-Cartan geometry is well suited 
to this task, and it also naturally handles minimal grav- 
itational couplings of spinors [5, 6]. The present work 
studies the SME in a general Riemann-Cartan spacetime, 
allowing for dynamical curvature and torsion modes. The 
general-relativistic version of this theory is readily recov- 
ered in the limit of zero torsion. 

The Lorentz-violating terms in the SME take the form 
of Lorentz-violating operators coupled to coefficients with 
Lorentz indices. Nonzero coefficients of this type could 
emerge in various ways. One attractive and generic mech- 
anism is spontaneous Lorentz violation, studied in string 
theory and field theories with gravity [4, 7]. Noncommu- 
tative field theories also contain Lorentz violation, with 
realistic models involving a subset of SME operators of 
higher mass dimension [8] . Other suggestions for sources 
of Lorentz violation include, for example, various non- 
string approaches to quantum gravity [9], random dy- 
namics models [10], multiverses [11], brane-world scenar- 
ios [12], and cosmologically varying fields [13, 14]. 

In the Minkowski-spacetime limit of the SME, the 
Lorentz-violating terms can be classified according to 
their properties under CPT. Indeed, since CPT violation 
implies Lorentz violation in this limit [15], the SME also 
incorporates general CPT breaking. To determine the 
CPT properties of a given operator in Minkowski space- 
time, it suffices in practice to count the number of indices 
on the corresponding coefficient for Lorentz violation. A 
Lorentz-violating term breaks CPT when this number is 
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odd. However, in non-Minkowski spacetimes, establish- 
ing a satisfactory definition of CPT and its properties is 
challenging, and a complete understanding is lacking at 
present. In this work, a practical definition is adopted: 
CPT-odd operators are taken to be those with an odd to- 
tal number of spacetime and local Lorentz indices. This 
suffices for present purposes and ensures a smooth match 
to the Minkowski-spacetime limit. With this understand- 
ing, the SME serves as a realistic general basis for studies 
of Lorentz violation in Riemann-Cartan spacetimes, with 
or without CPT breaking. 

Since no compelling experimental evidence for Lorentz 
violation has been uncovered as yet, it is plausible to as- 
sume that the SME coefficients for Lorentz violation are 
small in any concordant frame [16]. Indeed, sensitivity 
to the SME coefficients has attained Planck-suppressed 
levels in a number of experiments, including ones with 
mesons [2, 17-19], baryons [20-22], electrons [23-25], 
photons [13, 26-29], and muons [30], and discovery po- 
tential exists in experiments with neutrinos [3, 31, 32]. 
Only a comparatively small part of the coefficient space 
has been explored to date, and the present work is ex- 
pected eventually to provide further directions in which 
to pursue experimental searches for Lorentz violation. 

The organization of this paper is as follows. The frame- 
work for local Lorentz violations is discussed in section 
II A, while the structure of the action and the derivation 
of covariant conservation laws in the presence of Lorentz 
violation is provided in section II B. Section III consid- 
ers the QED extension with gravitational couplings, and 
contains separate subsections devoted to the fermion and 
photon actions. The SME in a Riemann-Cartan back- 
ground is presented in section IV. The leading-order 
terms in the pure-gravity sector are constructed in sec- 
tion VA, while the limiting Riemann-spacetime case is 
considered in section VB. Section VC addresses the is- 
sue of the compatibility of explicit Lorentz violation with 
the underlying Riemann-Cartan geometry. The body of 
the paper concludes with a summary in section VI. Ap- 
pendix A lists conventions adopted in this work and some 
key results for Riemann-Cartan geometry. Appendix B 
presents a class of models for Lorentz violation used to 
illustrate various concepts throughout this work. 



II. FRAMEWORK 

A. Local Lorentz violation 

The classic description of gravity in a Riemann space- 
time invokes a metric and a covariant derivative that 
acts on vector or tensor representations of G1(4,R). How- 
ever, G1(4,R) has no spinor representations, whereas the 
fundamental constituents of ordinary matter, leptons 
and quarks, are known to be spinors. One framework 
that incorporates spinors and distinguishes naturally be- 
tween local Lorentz and general coordinate transforma- 
tions is the vierbein formalism [5], which is adopted in 



the present work. 

In the vierbein formalism, the basic gravitational fields 
can be taken as the vierbein and the spin connection 
w^"''. The corresponding Riemann-Cartan spacetimes 
are determined by the curvature tensor R'^x^v ^^'^ 
torsion tensor T^^^. The usual Riemann spacetime of 
Einstein's general relativity can be recovered in the zero- 
torsion limit, while Minkowski spacetime is a special case 
with zero curvature and torsion. One well-known gravi- 
tation theory based on Riemann-Cartan geometry is the 
Einstein-Cartan theory, which has gravitational action 
of the Einstein-Hilbert form. The torsion in this theory 
is static, and in the absence of matter the solutions of 
the theory are equivalent to those of general relativity. 
However, more general gravitation theories in Riemann- 
Cartan spacetime contain propagating vierbein and spin- 
connection fields, describing dynamical torsion and cur- 
vature [6]. 

The vierbein formalism has a close parallel to the de- 
scription of local symmetry in gauge theory. A key fea- 
ture is the separation of local Lorentz transformations 
and general coordinate transformations. At each space- 
time point, the action of the local Lorentz group allows 
three rotations and three boosts, independent of general 
coordinate transformations. This situation is ideal for 
studies of local Lorentz violation in which it is desired to 
maintain the usual freedom of choice of coordinates with- 
out affecting the physics. Within this framework, local 
Lorentz violation is analogous to the violation of local 
gauge invar iance. 

The presence of Lorentz violation in a local Lorentz 
frame is signaled by a nonzero vacuum value for one or 
more quantities carrying local Lorentz indices, called co- 
efficients for Lorentz violation. As a simple example, con- 
sider a toy theory in which a nonzero timelikc vacuum 
value ba = (6,0,0,0) exists in a certain local Lorentz 
frame at some point P. One explicit theory of this type 
is the bumblebee model described in appendix B. The 
presence of the coefficient ha for Lorentz violation im- 
plies that a preferred direction is selected at P within 
the local Lorentz frame, leading to equivalence-principle 
violations. Physical Lorentz breaking occurs at P when- 
ever particles or fields have observable interactions with 

ha. 

Rotations or boosts of particles or localized field dis- 
tributions in a given local Lorentz frame at P can be per- 
formed that leave ba unaffected. Lorentz transformations 
of this kind are called local particle Lorentz transforma- 
tions, and under them ha behaves as a set of four scalars. 
However, the choice of the local Lorentz frame itself re- 
mains arbitrary up to spacetime rotations and boosts. 
Rotations or boosts changing the local Lorentz frame are 
called local observer Lorentz transformations, and under 
them ba behaves covariantly as a four- vector. The theory 
thus maintains local observer Lorentz covariance, despite 
the presence of local particle Lorentz violation. 

The conversion from the local Lorentz frame to space- 
time coordinates is implemented via the vierbein: b^ = 
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e^°'ba- A change of the observer's spacetime coordinates 
induces a conventional general coordinate transfor- 
mation on b^. The description of the physics is therefore 
invariant under general coordinate transformations, as is 
to be expected for coordinate-independent behavior. 

Different local observer Lorentz frames can be reached 
using different vierbeins, related by local observer 
Lorentz transformations. In a local neighborhood con- 
taining P, hfi is typically a function of position. 
Assuming for definiteness that has constant magni- 
tude the local observer Lorentz freedom in the vier- 
bcin e^"(.x) can be used to choose = (6,0,0,0) every- 
where in the neighborhood. This defines a preferred set 
of frames over the neighborhood. 

Note that the existence of preferred frames is a spe- 
cial feature of this simple model. Extending the model 
to one with a second nonzero coefficient for Lorentz vi- 
olation Ca typically destroys the existence of preferred 
frames at P and in the neighborhood. Observer Lorentz 
transformations have only six degrees of freedom, which 
are used in selecting the preferred frame for ba at P. 
In this preferred frame, Co generically has the arbitrary 
form Ca = (ci, C2, C3, C4). Moreover, once e^°'{x) has been 
selected to maintain the preferred position-independent 
form of ba over a neighborhood of P, Ca can vary with 
position. Although another frame at P can be found in 
which Ca does have a preferred (timelike, spacelike, or 
lightlike) form, then ba no longer has the preferred form 
ba = (6,0,0,0). The notion of preferred frame therefore 
loses meaning in the generic case. 

It is natural and convenient, although not necessary, 
to assume bfj_{x) is a smooth vector field over the neigh- 
borhood of P and over most of the spacetime, except 
perhaps for singularities. Since most applications involve 
second-order differential equations, smoothness suf- 
fices. However, a smooth extension of 6^ (a:) over the 
entire spacetime may be precluded by topological condi- 
tions analogous to the Hopf theorem, which states that 
smooth vector fields can exist on a compact manifold if 
and only if its Eulcr characteristic x vanishes. Note that, 
if indeed singularities of b^ occur, their location can differ 
from those of singularities in the curvature and torsion. 
Note also that some standard topological constraints on 
the spacetime itself are implied by the general framework 
adopted here. For example, the presence of spinor fields 
requires a spinor structure on the spacetime, so the cor- 
responding manifold must be a spin manifold and have 
trivial second Steifel- Whitney class. 

Studies of Lorentz violation in the Minkowski- 
spacetime limit commonly assume that the coefficients 
for Lorentz violation are constants over the spacetime, 
which ensures the useful simplifying physical consequence 
that energy and momentum remain conserved. Various 
physical arguments can be used to justify this assump- 
tion. For example, some mechanisms for Lorentz viola- 
tion may attribute higher overall energy to coefficients 
with nontrivial spacetime dependence, so that constant 
coefficients are naturally preferred. More generally, if the 



Lorentz breaking originates at the Planck scale and there 
is an inflationary period in cosmology, then a present-day 
configuration with constant coeflacients over the Hub- 
ble radius is a plausible consequence. Also, for suffi- 
ciently slow spacetime variation of the coefficients, the 
assumption of constancy can be viewed as the leading 
approximation in a series expansion. However, all argu- 
ments of this type are ultimately physical choices. From 
the formal perspective, any vector or tensor field with 
smooth integral curves is also an acceptable candidate. 
The choice of constant coefiicients for Lorentz violation 
can therefore be viewed as a kind of boundary condition 
for the theory. 

For the simple toy model in the present example, the 
condition of constant coefficients in Minkowski spacetime 
can be written d^bi^ — 0. In a more general Riemann- 
Cartan spacetime, it might seem natural to impose the 
covariant generalization of this, 

D^ba = d^ba - ijj'jt, = 0. (1) 

However, the integrability conditions for this equation 
can be satisfied globally only for special spacetimes, in 
particular for parallelizable manifolds. Such manifolds 
have zero curvature, are comparatively rare in four or 
more dimensions, and appear of lesser interest for theo- 
ries of gravity. It is therefore reasonable to suppose that 
D^ba ^ at least in some region of spacetime. This 
in turn implies nontrivial consequences for the energy- 
momentum tensor. Subsection II B discusses these con- 
sequences and obtains the covariant conservation law in 
the presence of Lorentz violation. In any case, an arbi- 
trary a priori specification of b^{x) in a given spacetime 
can be expected to be inconsistent with the simple con- 
dition (1). 

A consistent prescription for determining b^{x) and 
hence D^ba exists in some cases. For example, this is true 
when b^{x) arises through a dynamical procedure, such 
as the development of a vacuum expectation value in the 
context of spontaneous Lorentz breaking. The dynami- 
cal equations for the spacetime curvature and torsion can 
then be solved simultaneously with the dynamical equa- 
tions for 6^, yielding a self-consistent solution. As usual, 
appropriate boundary conditions arc needed for all vari- 
ables to fix the solution. In the case of asymptotically 
Minkowski spacetimes, which are relevant for many ex- 
perimental purposes, it may be physically reasonable to 
adopt as part of the boundary conditions the criterion 
(1) in the asymptotic limit where the curvature and tor- 
sion vanish. Solutions of this form then merge with those 
of the SME in Minkowski spacetime. More complicated 
solutions involving asymptotic coefficients varying with 
spacetime position could also be considered. The cor- 
responding potential experimental signals would include 
violations of energy-momentum conservation. In most 
of what follows, no particular special assumptions about 
the global structure of the spacetime or about asymptotic 
properties of the coefficients are made, and in particular 
Eq. (1) is not assumed. 
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For illustrative purposes, the above discussion uses a 
simple toy model with a single coefBcient ba{x) that be- 
haves like a vector under local observer Lorentz transfor- 
mations. More generally, there can be a (finite or infinite) 
number of coefficients for Lorentz violation, each trans- 
forming as a specific representation of the local observer 
Lorentz group. In what follows, a generic coefficient with 
compound local Lorentz index x transforming in the rep- 
resentation {X[ab])'^y is denoted k^. The considerations 
presented above for ba apply to the more general k^- In 
any case, the introduction of coefficients for Lorentz vi- 
olation suffices to encompass the description of Lorentz 
violation from any source that maintains coordinate in- 
dependence of physics. 



B. Action and covariant conservation laws 

From the perspective of physics at our present compar- 
atively low energies, the underlying fundamental theory 
of nature appears as a four-dimensional effective field the- 
ory. The action of this theory is expected to incorporate 
the Standard Model (SM) of particle physics, including 
gravitational couplings and a purely gravitational sector. 
Assuming that gravity can be described using the vier- 
bein and spin connection, it is reasonable to suppose that 
the action of the effective theory also contains the usual 
minimal gravitational couplings and the Einstein-Hilbert 
action among its terms. 

Whatever the underlying structure, the physics of the 
effective field theory is also expected to be coordinate 
independent. This corresponds to covariancc under gen- 
eral coordinate and local observer Lorentz transforma- 
tions. Then, assuming the fundamental theory indeed 
incorporates a mechanism for Lorentz violation, it fol- 
lows that the action contains terms involving operators 
with nontrivial local Lorentz transformations contracted 
with coefficients for Lorentz violation. The resulting ef- 
fective field theory is the SME, as already mentioned in 
the introduction. 

The present work considers the structure and some im- 
plications of the SME in Riemann-Cartan spacetime. As 
an effective field theory, the SME action contains an in- 
finite number of terms, but typically the physics is dom- 
inated by operators of low mass dimension. In addi- 
tion to the usual SM and Einstein-Hilbert terms, possi- 
ble higher-order terms involving SM fields, and possible 
higher-order curvature and torsion couplings, the terms 
of comparatively low mass dimension include ones violat- 
ing local Lorentz symmetry. Later sections of this work 
explicitly display the dominant Lorentz-violating terms 
involving the vierbein, spin connection, and SM fields. 
It is straightforward to extend the analysis to include 
Lorentz-violating couplings of other hypothesized fields. 

The Lorentz-violating piece ^lv of the SME effective 
action 5sme consists of a series of terms, each of which 
can be expressed as the observer-covariant integral of the 
product of a coefficient kx for Lorentz violation with an 



operator J^: 

Slv D j d^x ekxJ"'. (2) 

The coefficient kx transforms in the covariant x represen- 
tation of the observer Lorentz group, while the operator 
transforms in the corresponding contravariant repre- 
sentation. In the present context, J"^ is understood to 
be formed from the vierbein, spin connection, and SM 
fields and is invariant under general coordinate transfor- 
mations. This structure of the effective action is indepen- 
dent of the origin of the Lorentz violation, and in par- 
ticular it is independent of whether the violation in the 
underlying theory is spontaneous or explicit. In practice, 
for many (but not all) calculations, the coefficient kx can 
be treated as if it represents explicit violation even when 
its origin lies in the development of a vacuum value. 

The covariant energy-momentum conservation law and 
the symmetry property of the energy-momentum tensor 
are modified in the presence of explicit Lorentz violation. 
To obtain these conditions, separate the action S'sme into 
a piece S'gravity involving only the vierbein and spin con- 
nection and a piece 5mattcr containing the remainder. 
The matter action ^matter in turn can be split into a 
Lorentz-invariant part Sinatter.o and a Lorentz-violating 
part -Smatter.LV- In accordaucc with the above discussion, 
any term in the latter then has the general form 

5„.atter,LV = j d^x ekxJ^{f\e\Djy), (3) 

where the operator can in this case be viewed as a 
current formed from matter fields /•' and their covariant 
derivatives, assuming minimal couplings for simplicity. 
The desired energy-momentum conditions follow from 
the properties of these terms under local Lorentz and gen- 
eral coordinate transformations when the vierbein and 
spin connection are treated as background couplings fix- 
ing the Riemann-Cartan spacetime. 

Consider in particular a special variation of the action 
'S'matter in which all ficlds and backgrounds are allowed 
to vary, including the coefficients for explicit Lorentz vi- 
olation, but in which the equations of motion are obeyed 
for the dynamical fields The resulting change in the 
action takes the form 

^^xnatter = J d^X e(Te''^e,„^e/ + i^^^bH"*" 

+er6kx). (4) 

This expression can be taken to define the energy- 
momentum tensor Te'"^ associated with the vierbein and 
the spin-density tensor S^^^i^ associated with the spin 
connection. The reader is cautioned that in a Riemann- 
Cartan spacetime Te^'' typically differs from the (Belin- 
fante) energy-momentum tensor Tg'^'^ obtained by varia- 
tion with respect to the metric;, whether or not Lorentz 
violation is present. Similarly, the definition of S'^^'^dh 

differs from those of the spin-density tensors St^ and 
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obtained by varying with respect to the torsion 
and contortion, respectively. The tensors defined here 
are the most convenient for practical purposes because 
they are the sources in the equations of motion for the 
vierbein and the spin connection. The usual Einstein 
general relativity involving coupling to the symmetric 
energy-momentum tensor Tg'^'^ is contained in this dis- 
cussion as a special case with vanishing torsion. 

When the special variation (4) is induced by infinites- 
imal local Lorentz transformations parametrized by e"^, 
the relevant infinitesimal changes in the vierbein, spin 
connection, and coefficients for Lorentz violation take the 
form 

e„ a ah 

= -\€-\X^,,^)y^ky. (5) 

A suitable substitution of these results into Eq. (4) fol- 
lowed by some manipulation then yields the desired con- 
dition on the symmetry of the energy-momentum tensor 
Tg^'^ in the presence of coefficients for explicit Lorentz 
violation: 

Tr IXV rp ffi f T-\ rpf3 \ rf aftl/ 

+e^^'^e''%{X[,^ryjy. (6) 
In the Minkowski-spacetime limit, this equation becomes 

e/- _ = dcSc"'"" + (7) 

where Sc^'^ is the canonical energy-momentum tensor 
and Sc^^'^ is the canonical spin-density tensor. With ap- 
propriate substitutions for the matter fields and coeffi- 
cients for Lorentz violation, Eq. (7) correctly reproduces 
the results in Minkowski spacetime obtained in Ref. [3]. 

If instead the special variation (4) is induced by a gen- 
eral coordinate transformation with parameter e^, the 
relevant field variations are the Lie derivatives 

5k^ = £ek^ = e^di^k^. (8) 

Substituting these expressions appropriately into Eq. (4), 
manipulating the result, and incorporating the condition 
(6) yields the covariant energy-momentum conservation 
law in the presence of coefficients for explicit Lorentz 
violation: 

+ - rD,k, = 0. (9) 

In the limiting case of Minkowski spacetime, where the 
curvature and torsion vanish, this equation becomes 
a modified conservation law for the canonical energy- 
momentum tensor 

di^Qc'^'' = rd^k,. (10) 



Explicit substitution for the fields and currents shows 
that this result agrees with the Minkowski-spacetime re- 
sults of Ref. [3], as expected. The interesting issue of 
the compatibility of the relations (6), (9) with the un- 
derlying geometrical assumptions of the Riemann-Cartan 
spacetime is discussed in section V. 

A similar chain of reasoning can be adopted to ob- 
tain the symmetry property of the energy-momentum 
tensor and the covariant energy-momentum conservation 
law relevant in the case of spontaneous Lorentz viola- 
tion. Since spontaneous violation of a symmetry leaves 
unaffected the associated conserved currents, it is to be 
expected that in this case the terms involving kx in Eqs. 
(6) and (9) are absent. This is indeed confirmed by cal- 
culation. The basic point is that coefficients originating 
from spontaneous breaking are vacuum values of fields, 
and so they must obey the corresponding equations of 
motion. Just as the variations 5f^ of other dynamical 
fields have vanishing coefficients in Eq. (4) and so pro- 
vide no contributions to the covariant energy-momentum 
and spin-density conservation laws, no contributions arise 
from the variation Skx when Lorentz symmetry is spon- 
taneously broken. 



III. QED EXTENSION 

The basic nongravitational fields for the Lorentz- and 
CPT-violating QED extension in Riemann-Cartan space- 
time are a Dirac fermion ip and the photon A^. The ac- 
tion for the theory can be expressed as a sum of partial 
actions of the form 

S = + Sa + '^gravity + .... (11) 

The fermion part of the action S contains terms dom- 
inating at low energies that involve fermions and their 
minimal couplings to photons and gravity. The pho- 
ton part Sa contains terms dominating at low energies 
that involve only photons and their minimal couplings 
to gravity, while the pure-gravity part S'gravity involves 
only the vierbein and the spin connection. The ellip- 
sis represents higher-order terms, including ones involv- 
ing fermions and photons that are nonrenormalizable in 
the Minkowski-spacetime limit, ones involving nonmin- 
imal and higher-order gravitational couplings, and ones 
involving field operators of dimension greater than four 
that couple curvature and torsion to the matter and pho- 
ton fields. Other possible nonminimal operators formed 
from the fermion and photon fields, such as ones breaking 
U(l) gauge invariance, may also be of interest for certain 
considerations and can be included as appropriate. 

This section presents the explicit form of the two par- 
tial actions S.^ and Sa and some of their basic physical 
implications. Discussion of the gravity partial action is 
deferred to section V. 
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A. Fermion sector 

The fermion partial action for the QED extension can 
be written as 

S^= j dt^xiliee^'jiVD^ij-eiiMtl)). (12) 
In this equation, the symbols and M are defined by 

-e^e"" - - I^A^.e'^'^e^e^.a''^ (13) 

and 

M = TO + iiTO575 + a^e'"„7° + b^e'^^-f^j" 

+ i7f^.e'^„e>»^ (14) 

The first term of Eq. (13) leads to the usual Lorentz- 

invariant kinetic term for the Dirac field. Similarly, the 
first two terms of Eq. (14) lead to a Lorentz- invariant 
mass. In the absence of anomalies, the coefficient TO5 can 
be chirally rotated to zero in Minkowski spacetime with- 
out loss of generality. The same holds here provided suit- 
able redefinitions of certain coefficients are made. The 
coefficients for Lorentz violation a^, b^, c^j^, d^i,, e^, f^, 
g\tj.iy, Hf^„ typically vary with position, in accordance 
with the discussion in section II A. They have no par- 
ticular symmetry, except for the defining antisymmetry 
of H^i, and of gx^i, on two indices. By assumption, the 
action (12) is hermitian, which constrains the coefficients 
for Lorentz violation to be real. Relaxing the latter con- 
straint would permit the formalism to describe also non- 
hermitian Lorentz violation. Note the use of an upper- 
case letter for i/^^ , which avoids conflicts with the metric 
fluctuation h^^,. 

The action (12) is also locally U(l) invariant, by con- 
struction. The covariant derivative appearing in it is 
understood to be a combination of the spacetime covari- 
ant derivative, discussed in appendix A, and the usual 
U(l) covariant derivative: 

= df^ip + ^iuj^'^dab'il^ - iqA^i;. (15) 

It is convenient to introduce the symbol {ipD^) for the 
action of the covariant derivative on a Dirac-conjugate 
field tp: 

{JD^) = - i^w^"''V^(7ab + iqA^,'^. (16) 

In terms of these quantities, the covariant derivative ap- 
pears in the action (12) in a combination defined by 

WD^^ = W^D^i; - ixD^^W^^. (17) 

This definition is understood to hold even when F" is 
spacetime-position dependent. 

The generalized Dirac equation arising from the action 
is 

+\^e\uJ^'^{r^\T, + \i\a,,,T^])^|^ = 0. (18) 



As might be expected from nonderivative couplings, the 
Lorentz-violating terms involving M just add to the 
Dirac equation in a minimal way. However, those involv- 
ing F" appear both minimally and through commutation 
with the Lorentz generators in the covariant derivative. 
In particular, the Lorentz-invariant parts of the last two 
terms in Eq. (18) cancel, but the terms involving coeffi- 
cients for Lorentz violation yield nonzero results. 

Many physical features of this theory are expected to 
be similar to the QED extension in Minkowski space- 
time introduced in Ref. [3]. Although beyond the 
scope of the present work, it would be of definite in- 
terest to investigate the corrections to established results 
[3, 13, 16, 27, 29, 33] arising from the Riemann-Cartan 
couplings. A detailed study of quantum corrections and 
renormalization issues may be particularly challenging, 
since a satisfactory description of these is an open issue 
even for conventional Lorentz-invariant theories in curved 
spacetime [34] . Similar remarks apply to the causal and 
light-cone structure of the theory, which remains the sub- 
ject of discussion even for Lorentz-invariant radiative cor- 
rections [35]. 

One difference between the QED extension in 
Minkowski and Riemann-Cartan spacetimes is that the 
presence of even weak gravitational couplings can change 
the effective properties of certain coefficients for Lorentz 
violation. Adopting the weak-field form of the vierbein 
and spin connection given in Eq. (A20) of appendix A 
and extracting from the lagrangian only terms that are 
linear in small quantities, one finds 

D -i(Ceff);..?7''5> - (6eff)M?757''V', (19) 

where 

(6eff)^ = b^- i9"x^^ea/3-y/. + |l^"''^eo/37M- (20) 

In this expression, leading-order terms arising from the 
scaling of the vierbein determinant e are neglected be- 
cause they are Lorentz invariant. 

Equations (20) show that at leading order a weak back- 
ground metric appears as a c^jy term, while the dual of 
the antisymmetric part of the torsion behaves like a &^ 
term, a result already noted elsewhere [36]. The latter 
is a CPT-violating term, so the presence of background 
torsion can mimic CPT violation. Experimental effects 
from these terms have been estimated for some situa- 
tions, including hydrogen spectral line shifts in the solar 
gravitational field [37] and reinterpretations of various re- 
cent results [38]. Note, however, that these gravitational 
couplings are fiavor independent, whereas the values of 
b^ and Cfj,^ can depend on the fermion species. This im- 
plies caution is required in interpreting the existing ex- 
perimental sensitivities to 6^ in terms of torsion, since 
some experiments are sensitive only to a nonzero differ- 
ence in the value of 6^ for two fermion species. It further 
suggests that careful comparative experiments could dis- 
tinguish background curvature and torsion effects from 
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other sources of Lorcntz and CPT violation. Note also 
that the inclusion of sublcading terms in the derivation 
would yield additional Lorentz-violating effects. For ex- 
ample, at this level all dimension-one effective coefficients 
for Lorentz violation acquire a torsion dependence that 
can vary with flavor. Couplings of this type may play an 
important role in regions of possibly large torsion, such 
as spinning black holes or the early Universe. 

Another issue worth mention is the observability of 
various types of Lorentz violation. A given coeffi- 
cient kx for Lorentz violation leads to observable effects 
only when the theory contains another conventional or 
Lorentz-violating coupling that precludes the elimination 
of kx through field or coordinate redefinitions. In the 
Minkowski-spacetime limit of the QED extension, the 
comparatively small number of couplings leaves the free- 
dom to eliminate some Lorentz-violating terms [3, 39, 40]. 
As might be expected, the presence of the additional 
curvature and torsion couplings in the Riemann-Cartan 
spacetimc reduces this freedom, but some options remain. 

As a first example, consider a position-dependent re- 
definition of the phase of the spinor: 

^{x) = expK/(,x)]x(.x). (21) 

This is not a gauge transformation, since A/^ remains 
unchanged. In the single-fermion Minkowski-spacetime 
limit with constant o,^. the choice f{x) = a^^x^ can be 
used to eliminate all four coefficients a^, so is un- 
physical. However, in Riemann-Cartan spacetime, the 
redefinition can typically be used to eliminate only one 
of the four coefficients a^. An exception to this occurs for 
special models in which arises as the four-derivative 
of a scalar, in which case is unphysical and can be 
removed. 

Another usefid class of redefinitions consists of ones 
taking the general form 

^l^{x) = [l + v{x)-T]x{x). (22) 

Here, v{x) is a set of complex functions with appropriate 
local Lorentz indices and, for this equation only, F rep- 
resents one of 7", 757", (j"'^. These redefinitions can be 
regarded as position-dependent mixings of components 
in spinor space. They can be used to show that, at lead- 
ing order in coefficients for Lorentz violation, there are 
no physical effects from the coefficients or from 

the antisymmetric parts of c^^, d^,^. However, attempt- 
ing to remove the antisymmetric and trace parts of ^a/hi^ 
generically introduces spacetime-dependent mass terms 
proportional to the covariant derivative of u, a feature 
absent in the Minkowski-spacetime limit. 

The freedom to redefine spacetime coordinates, per- 
haps accompanied by field and coupling rescalings, can 
also be viewed as a means of eliminating or interrelating 
certain coefficients for Lorentz violation. The symmetric 
piece of the coefficients c^,y and the Qg part of the photon- 
sector coefficient {kp)i^Xfj.}y, which is introduced in the 
next subsection, appear in the action in a form similar 



to parts of the metric coupling. Appropriate coordinate 
choices can therefore appear to move the Lorentz viola- 
tion from one sector to the other, or perhaps act to cancel 
effects between sectors. The coordinate frame used in re- 
porting experimental results is often implicitly fixed by 
the experimental setup, for example, by the choice of a 
standard clock or rod. Particular care is therefore re- 
quired in claiming or interpreting sensitivities to these 
types of coefficients. An explicit example of this type 
of redefinition is given for the case of Minkowski space- 
time in section II C of Ref. [29], where a constant coef- 
ficient of the type cqo is converted into the combination 
(^f)ojOj- When background curvature and torsion fields 
are present, the position dependence can complicate the 
analysis of these types of redefinitions and can introduce 
other effects such as spacetime- varying couplings. 

To conclude this subsection, here are a few remarks 
about nonminimal gravitational couplings. For simplic- 
ity, attention is restricted here to operators of mass di- 
mension four or less. In the QED extension there are 
comparatively few such nonminimal operators, and the 
only gauge-invariant ones are products of the torsion with 
fermion bilinears. The Lorentz- invariant possibilities are 

£li = oeT\^^7^7/. + 6eT\^^757^V' 

+a5eT"^Tea/3^^V^7''V' + &5eT«'5Tea/3^^V^757''V'. 

(23) 

The last of these already occurs in the minimal couplings. 
The Lorentz-violating possibilities are 

.Clv = ek^p.^T'^'^^lp^ + ek5c.^^T"^-'^j5^ 

+ek^fi^sT^I''^i'^^i^ + ek^ap^sT"''^^^^^^ 
+efc«/3^5.T"^TV^a''^V- (24) 

If Lorentz violation is suppressed as expected and the tor- 
sion is also small, then all five of the latter are subdomi- 
nant. Also, if the torsion is constant or sufficiently slowly 
varying, only the last three arc relevant. Nonetheless, 
all the above operators may be of interest in more exotic 
scenarios. Note that the presence of fundamental scalars, 
like the Higgs doublet in the SME, permits other types 
of nonminimal gravitational couplings of dimension four 
or less, including ones involving both curvature and tor- 
sion. Note also that any operators of dimension greater 
than four must come with one or more inverse powers of 
mass, which may represent substantial Planck-scale sup- 
pression. However, some care is required in determin- 
ing the relative dominance of operators. For example, a 
dimension-five Lorcntz-invariant operator suppressed by 
the Planck mass mp would produce effects comparable 
in magnitude to those of a dimension-four operator in- 
volving a coeflacient for Lorentz violation suppressed by 
mp. 
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B. Photon sector 

The photon part of the action for the QED extension 
in Ricmann-Cartan spacetime can be separated into two 
pieces, 

Sa=J d^xiCp+CA), (25) 

where 

U = -leF^uF'^' -\e{kF).Xf.uF^^F'''', (26) 
Ca = le{kAFTe^Xf..A^F^'^ -e{kA).A\ (27) 

The lagrangian terms are hermitian provided the coeffi- 
cients for Lorentz violation (fci?)„A^i>, {kAF)^i, and (/sa)^ 
arc real. The electromagnetic field strength F^,^ is de- 
fined by the locally U(l)-invariant form 

Ffxv = F)^Ai, — D^Afj^ + T^^^^A 

= d^A,-d,A^. (28) 

By definition, all curvature and torsion contributions 
cancel in the field strength. Gravitational effects in the 
photon-sector lagrangian therefore are associated with 
the appearance of the metric in the index contractions 
and with the scaling by the vierbein determinant e. 

The generalized Maxwell equations obtained from the 
action (25) are conveniently written using the standard 
Riemann-spacetime covariant derivative i)^^, described in 
appendix A. They consist of the homogeneous equations 

bxFf,, + 5^F,A + -D.Fa^ = 0, (29) 

which follow from the definition (28) of the field strength, 

and the inhomogeneous equation obtained by varying the 
sum of the fermion action (12) and the photon action 
(25): 

bo^F^'' + b^[{kF)^<.i}-,F^'^] 

HkAFTe^cfi^F^'' + {kA)t. = j^. (30) 

In this equation, the current is 

= qe^^Jfr^i,. (31) 

These results correctly reduce to the usual QED exten- 
sion in the Minkowski-spacetime limit. 

Consider first the lagrangian Lp, which is invariant un- 
der local U(l) transformations by construction. The first 
term in /Ip is the Lorentz-invariant action for photons 
in a Riemann-Cartan background, while the second term 
violates Lorentz invariance. Both terms are CPT even. 
The coefficient {kF)KXnv for Lorentz violation is antisym- 
metric on the first two and on the last two indices, and it 
is symmetric under interchange of the first and last pair of 
indices. These symmetries reduce the number of indepen- 
dent components of (fc_F)KA/^!/ to 21. Decomposing into 
irreducible Lorentz multiplets gives 21 = lo-|-(l-|-9-|-10)s. 



The antisymmetric singlet 1^ provides a Lorentz- 
invariant parity-odd coupling ki = e'^'^^'^ (kp) nx^iy- Its 
coupling in the lagrangian is therefore proportional to 
efciFp,yF^'', where F is the dual field strength. Inte- 
grating by parts and discarding the surface term un- 
der the usual assumption of no monopoles converts this 
into an expression proportional to e{D^ki)A^F^^ . In 
the Minkowski-spacetime limit with constant {kp)K,Xfiu, 
no net effect results. In the present more general case 
with position-dependent {kp)K,xiJ.v, the expression can in- 
stead be absorbed into the term involving the coefficient 
{kAF)ii in Ca- This conversion of a scalar into a Lorentz- 
violating coefficient has features in common with the gen- 
eration of a nonzero (kAp)/! through the gradient of the 
axion in supergravity cosmology [13]. 

Of the remaining 20 independent coefficients, the sym- 
metric singlet Is is the irreducible double trace, which 
is Lorentz invariant. It can be regarded as renormal- 
izing the Lorentz-invariant kinetic term. If {kF)KXnu 
varies with position, this renormalization corresponds to 
a spacetime variation of the fine structure constant a. 
If instead {kF)^\^i, is constant, as is usually assumed 
in the Minkowski-spacetime limit, then the 1^ generates 
only an unobservable constant shift of a. The couplings 
of the remaining 9^ and lOg Lorentz- violating terms are 
similar to those in Minkowski spacetime [3, 29] but now 
typically vary with position. These 19 coefficients con- 
trol the leading-order CPT-even Lorentz violation in the 
photon sector. 

Next, consider the lagrangian Ca in Eq. (27), which 
consists of CPT-odd terms. The corresponding partial 
action is U(l) gauge invariant only under special circum- 
stances. Assuming no monopoles, as before, the coeffi- 
cients for Lorentz violation must obey 

b^{kAp)v - b^{kAp)n = 0' 

bi,{kAY = 0, (32) 

where the tilde again indicates the zero-torsion limit. 

These conditions must be satisfied in addition to any 
dynamical or other equations determining the form of 
{kAF)ti and {kA)fi- For (kAp)/!, an example of this is 
known: the mechanism for Lorentz violation in the su- 
pergravity cosmology of Ref. [13] enforces (fcAf)/* = dij,4> 
for an axion scalar </>, which satisfies the requirement 
(32). However, for the coefficient (fcA)^, Eq. (32) im- 
plies {kA)p, = (fco)/^/e, where (fco)^ is a constant 4- vector. 
Generic manifolds do not admit such vectors, so (fc^)^ 
must typically vanish. This is consistent with other re- 
quirements emerging in the Minkowski-spacetime limit 
[3]. 

As in the fermion sector, the presence of weak grav- 
itational couplings can affect the interpretation of cer- 
tain coefficients for Lorentz violation. The leading-order 
weak-field couplings can be extracted from the Lorentz- 
invariant part of the lagrangian C p using the expression 
(A20) of appendix A. The result is a contribution that 
has the operator structure of the {kp)nXnv term, with an 
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effective coefficient (fcF,eflF)reA/ni^ given by 

- Vnuhxf^ - rix^_,h^^). (33) 

A weak-field background metric can therefore partially 
simulate the effect of the coefficient (A;_f)kAp!/ for Lorentz 
violation. Some of the physical implications of this cou- 
pling can be appreciated by converting to the notation of 
Ref. [29]. Setting (fcAF)^* and (M k\hv to zero for sim- 
plicity, only the coefficients {ke-Y , {ko+Y'', iiti acquire 
nonzero contributions, given by 

«tr = f/i". (34) 

One consequence is that both polarizations of light are 
affected in the same way, so no birefringence occurs. 
Experiments with sensitivity to these coefficients could 
therefore be adapted to study the background-metric 
fluctuation h^j^y, provided the signals in question involve 
no complete cancellation of the effects. 

As a final remark, note that the combined action (12) 
and (25) for the leading-order QED extension can be 
used to obtain a general classical action for the Lorcntz- 
violating behavior of point test particles and electrody- 
namic fields in a Riemann-Cartan background. Although 
its explicit form lies beyond the scope of the present work, 
the resulting theory would represent a useful test model 
for Lorentz-violating physics. For example, it could be 
used to provide insight into the interpretation of classical 
concepts such as mass, velocity, and geodesic trajectories, 
each of which typically is split by Lorentz violation into 
distinct notions that merge in the Lorentz-invariant limit 
[3] . It would also be of interest to obtain the connection 
between this theory and the THefi formalism [41, 42], 
which is a widely used model involving a four-parameter 
action with modified classical test particles and electro- 
dynamic fields in a conventional static and spherically 
symmetric Riemann background. 

IV. STANDARD-MODEL EXTENSION 

The action 5sme for the full SME in a Riemann-Cartan 
spacetimc can conveniently be expressed as a sum of par- 
tial actions: 

-SsME = •S'sM + 'S'lV + "Sgravity (35) 

The term .Ssm is the SM action, modified by the addition 
of gravitational couplings appropriate for a background 
Riemann-Cartan spacetime. The term S'lV contains all 
Lorentz- and CPT-violating terms that involve SM fields 
and dominate at low energies, including minimal gravita- 
tional couplings. The term ^gravity represents the pure- 
gravity sector, constructed from the vierbein and the 



spin connection and incorporating possible Lorentz and 
CPT violation. The ellipsis represents contributions to 
S'sME that are of higher order at low energies, some of 
which violate Lorentz symmetry. It includes terms non- 
renormalizable in the Minkowski-spacetime limit, non- 
minimal and higher-order gravitational couplings, and 
operators of mass dimension greater than four coupling 
curvature and torsion to SM fields. Other possible non- 
minimal operators formed from SM fields, such as ones 
that break the SU(3)xSU(2)xU(l) gauge invariance, can 
be included as needed. For example, these could play a 
significant role in the neutrino sector [32] . 

In this section, the explicit forms of S'sm and S'lV are 
presented, while discussion of the gravity action S'gravity 
is deferred to section V. The notation adopted for the 
basic SM fields is as follows. First, consider the fermion 
sector. Introduce the generation index A = 1,2,3, so 
that the three charged leptons are denoted I a = (e, /i, r), 
the three neutrinos are va = (i^e, t'/j, J^r), and the six 
quark flavors are ua = {u,c,t), cIa = (d.s.h). The color 
index on the quarks is suppressed for simplicity. Define 
as usual the left- and right-handed spinor components 
ijjL = ^(1 - 75)Va i'R = 5(1 + Ts)-!/"- The right-handed 
leptons and quarks are SU(2) singlets, Ra — ilA)R, 
Ua = {ua)r, Da = (rfA)ij- The left-handed leptons 
and quarks form SU(2) doublets. La = {{i'a)l, {Ia)l)'^ , 

Qa = {{nA)L,{dA)LV- 

In the boson sector, the Higgs doublet (j) is taken to 
have the form (p = (0, r^)"^ /^/2 in unitary gauge, and the 
conjugate doublet is denoted 0'^. The color gauge fields 
are denoted by the hermitian SU(3) adjoint matrix G^. 
The SU(2) gauge fields also form a hermitian adjoint ma- 
trix denoted W^, while the hermitian singlet hypercharge 
gauge field is _B^. The associated field strengths are G^j/, 
W^i/, and B^v. They are defined by expressions of the 
standard form in Minkowski spacetime, except that the 
Riemann-Cartan covariant derivative is used and a tor- 
sion term is added in analogy to Eq. (28). This ensures 
that all spacetime curvature and torsion contributions 
cancel in the field strengths, which therefore have con- 
ventional SU(3)xSU(2)xU(l) properties. 

The covariant derivative and its conjugate 
are now understood to be both spacetime covariant 
and SU(3)xSU(2)xU(l) covariant, in parallel with the 
electromagnetic-U(l) and spacetimc covariant derivative 
(15) and its conjugate (16). The definition (17) is main- 
tained. As usual, the coupling strengths for the three 
groups SU(3), SU(2), and U(l) arc 93, g, and 9', re- 
spectively. Also, the charge q for the electromagnetic 
U(l) group and the angle 6w are defined through q = 
g sin 9w = g' cos 9w ■ 

Consider first the action Ssm for the SM in a Riemann- 
Cartan background. The corresponding lagrangian £sm 
is SU(3)xSU(2)xU(l) gauge invariant, and it is conve- 
nient to separate it into five parts: 

■^SM — -^lepton ~1~ -^quark ~t- -^Yukawa 

+-^Higgs + -^gauge • (36) 
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The lepton sector has lagrangian ^lepton given by 



■^lepton 

+ \iee\RAl''D^RA, (37) 
while the quark sector lagrangian £quark is 

+ \iee\DAl''D^DA. (38) 
The Yukawa couplings are 

■^Yukawa = — [{G l) ABeLAftiRB 

+ {Gu)ABeQA4>''UB 

+ {GD)ABeQA<l>DB] + h-c, (39) 

where {Gl)ab, {Gu)ab, {Gd)ab are the Yukawa- 
coupling matrices. The Higgs sector has lagrangian 

-Cffiggs = -e{D^(l>)^D^(^ + n\<j)U - ^e(0V)', (40) 
while the gauge sector is 



-gauge 



(41) 



Possible 9 terms are omitted in the latter for simplicity. 

Next, consider the partial action ^lv containing 
Lorentz- and CPT-violating operators constructed from 
SM fields of mass dimension four or less. In parallel with 
Eq. (36), the corresponding lagrangian £lv can be de- 
composed as a sum of terms separating the contributions 
from the lepton, quark, Yukawa, Higgs, and gauge sec- 
tors. The lagrangians for these five sectors can be further 
split into pieces that are CPT even and odd, except for 
the Yukawa-type couplings for which no CPT-odd terms 
arise: 



r — /'CPT-i- 

.<-LV — •'-lopton 



C 



CPT+ 
Yukawa 



CPT- 
Icpton 



+ •'-Hi, 



C 



CPT-I- 
quark 



CPT- 
quark 



CPT4 



CPT- 
Higgs 



I /'CPT+ I nCVT- 

gauge "^gaugc 



(42) 



The lagrangian for the CPT-even lepton sector is 



lepton 



H(cL)^.ABee''„LA7" Lb 
li{cR)^uABee^^RA7'' D'' Rb, (43) 



where the dimensionless coefficients {cL)fivAB and 
{cr)hvAB can be taken to be hcrmitian in generation 
space. The spacetime traces of these coefficients preserve 
Lorentz symmetry. In the Minkowski-spacetime limit 
with conserved energy and momentum, these traces act 
to renormalize the fermion fields and are unobservable, 



but in the present context the spacetime dependence 
can correspond to spacetime- varying couplings. The la- 
grangian for the CPT-odd lepton sector is 

-CSpton = -{aL)^.ABee\LA-^''LB 

-{aR)^ABee^^RAl''RB, (44) 

where the coefficients {aL)fj.AB and (aij)^AB are also her- 
mitian in generation space but have dimensions of mass. 
The quark-sector lagrangians take a similar form: 



/:S!.T.+ = -^i{cQ)^,ABee^,QAl'' Qb 



■'quark 



-^CPT- 
■'quark 



H(cc/)M.ABee''„C/A7" Ub 
\^icD)^,uABee^'^DAl'' D"" Db, (45) 

-(aQ)MBee^aQA7"Qs 
-iau)^,ABee^'JJA"/''UB 
-{aD)y.ABee''^DAl''DB. (46) 



Remarks analogous to those for the lepton-scctor coeffi- 
cients for Lorentz violation also hold for the quark-sector 
coefficients in these equations. 

The CPT-even Lorentz-violating Yukawa-type opera- 
tors have the usual Yukawa gauge structure but involve 
different fermion bilinear s. The lagrangian for these 
terms is 



/-CPT-I- 
Yukawa 



-5 [(i?L)p.ABee^„e'^,i^(Aa"''i?B 

+ {Hu)tj.iyABee'^a'^''bQA<t>'''^°' Ub 

+ {HD)t..ABee^'^e\QA4><y''^DB] 
+h.c. (47) 



The dimensionless coefficients {Hl^ij,d)hvAB are anti- 
symmetric in the spacetime indices. Like the conven- 
tional Yukawa couplings {Gl.u,d)ab, they can violate 
hermiticity in generation space. 

The CPT-even lagrangian in the Higgs sector is 



/.CPT-F 
Higgs 



-^{k4,Br''e<pUB^,.. 



(48) 



All the coefficients for Lorentz violation in this equa- 
tion are dimensionless. The coefficient {k^^Y'^ can be 
taken to have symmetric real and antisymmetric imagi- 
nary parts, while {k^wY^ and {k^sY^ are real antisym- 
metric. The last two terms directly couple the Higgs 
scalar to the SU(2)xU(l) field strengths. They have 
no analogue in the usual SM. The CPT-odd Higgs la- 
grangian is 



(49) 



The coefficient {k^Y ^ complex valued and has dimen- 
sions of mass. 



11 



The lagrangian for the CPT-even gauge sector is 

-Ukw)nX^..eTT{W''^Wn 
-l{kB).x^.eB''^B'^r (50) 

All the coefficients for Lorcntz violation in this equation 
are real. Each is antisymmetric on the first two and on 
the last two indices, and each is symmetric under in- 
terchange of the first and last pair of indices. Their 
spacetime properties are similar to those of the coeffi- 
cient (fcF)«AjLii^ in the photon sector of the QED exten- 
sion, discussed in section IIIB, which is itself a combi- 
nation of {kw)K\tii^ and {kB)K.Xnu- Note that possible 
total-derivative terms analogous to the usual 6 terms in 
the SM are neglected in Eq. (50) for simplicity. 

It is also possible to construct some CPT-odd la- 
grangian terms that under special circumstances are in- 
variant under infinitesimal SU(3)xSU(2)xU(l) transfor- 
mations. They have the Chern-Simons form 

-Cg^Ie" = (fc3)Ke"^''''eTr(GAG^. + figsGAG^a) 

+{ki).e''^'"'eBxB^, + {ko).eB\ (51) 

All the coefficients for Lorcntz violation in these equa- 
tions can be taken real. The coefficients (fci,2,3)K have 
dimensions of mass, while (fco)^ has dimensions of mass 
cubed. These terms are the SM analogues of those in 
Eq. (27) of the QED extension, which they contain as a 
limiting case. Their invariance requires that subsidiary 
conditions generalizing those in Eq. (32) be satisfied, so 
Eq. (51) is relevant only in special circumstances. 

The above equations describe the actions ^sm and 
S'lv prior to the breaking of the electroweak SU(2)xU(l) 
symmetry to the electromagnetic U(l) subgroup. In the 
minimal SM in Minkowski spacetime, arguments based 
on energetics make this breaking plausible, at least for 
some range of the couplings fi and A in Eq. (40). How- 
ever, it is an open issue whether the Higgs potential in 
Eq. (40) suffices to drive electroweak symmetry breaking 
to the charge subgroup in the SM in a curved spacetime 
background [43]. Suppose this is indeed the case for at 
least some types of background, perhaps such as weak 
gravitational fields. Then, the presence in 5lv of small 
Lorentz-violating terms involving the Higgs and charge- 
neutral fields changes the pattern of expectation values 
that break the SU(2)xU(l) symmetry. A small Lorentz- 
violating expectation value emerges for the neutral Z° 
field, and the expectation value of the Higgs is shifted 
slightly. It has been shown that this breaking pattern 
preserves the electromagnetic U(l) in the Minkowski- 
spacetime limit [3]. A careful study of this issue in 
Riemann-Cartan spacetime would be of interest. Note 
also that the standard procedure of expanding the terms 
in 5sM and 5lv about the vacuum expectation values 
generates additional effective contributions to some of 
the coefficients for Lorentz violation. 



The presence of weak curvature and torsion couplings 
in the actions 5'sm and ^lv can modify the interpretation 
of certain coefficients for Lorcntz violation. The contri- 
butions of this type from ^lv are proportional to the 
product of weak fields and coefficients for Lorentz viola- 
tion, so they are suppressed relative to those from Ssm- 
The expansions (A20) of appendix A can be used to ex- 
tract from 5sM the dominant effects. The analysis follows 
a pattern similar to that in the QED extension leading 
to Eqs. (20) and (33), with the symmetric part of the 
metric generating effective contributions to certain CPT- 
even Lorentz-violating terms and the torsion generating 
contributions to CPT-odd ones. The effects of the vier- 
bein and the torsion are independent of flavor at leading 
order, but the sign of the torsion contribution depends 
on the handedness of the fermion. This is reflected in Eq. 
(20) for the fermion sector of the QED extension, where 
the coefficient 5^ ~ {cll)ij,ab — {(ir)ij,ab is affected but 
af, ^ (aL)t,AB + {aR)f_tAB is unchanged. 

As in the case of the QED extension, care is required 
in determining the observability of a given coefficient for 
Lorentz violation in 5lv because there is freedom to elim- 
inate certain coefficients by appropriate field and coordi- 
nate redefinitions. For example, for each fermion field 
there is a phase degree of freedom of the form (21) and 
possible reinterpretations of the spinor-space components 
of the form (22). There is also freedom in the Higgs sec- 
tor, including the phase redefinition 

(l>{x) = exp[-ig{x)]p{x). (52) 

For instance, the choice g{x) = {k^)^x^^ can be used to 
absorb part of the effects from the coefficient {k^)^. Also, 
suitable coordinate redefinitions can interrelate some of 
the fermion coefficients c^^, Higgs coefficients {k^^)f_i,y, 
and 9s Lorentz-irreduciblc pieces of the gauge coefficients 
{kG)K,XiJ.u, {kw)KXiJ.u, {kB)^xnv However, the presence 
of cross couplings between generations means that some 
types of coefficient unobservable in the QED extension 
are now physical under suitable experimental circum- 
stances. For example, the presence of fiavor-changing 
weak interactions in the SME quark sector means that 
differences between constant coefficients of the type 
become observable in interferometric experiments with 
neutral-meson oscillations, a feature absent in the QED 
extension [19]. 

V. GRAVITATIONAL SECTOR 
A. Action 

It is convenient to write the pure-gravity action as 

'^gravity — I d X -^gravity? (^^) 

where the usual gravitational coupling constant 1/2k = 
1/16ttGn ^ 3 X 10^6 GeV^ has been factored outside 
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the integral for convenience. The lagrangian -Cgravity can 
then be separated as 

■^gravity = ■^e,a) + ■^e,a) + • • • ) (54) 

where the Lorentz-invariant piece C}^^^ and the Lorentz- 
violating piece CJf^ are constructed using the vicrbcin 
and the spin connection lo^^ . Following section II A, 
the latter are viewed as basic dynamical objects for the 
gravitational field. The ellipsis represents possible de- 
pendence on other dynamical gravitational fields, which 
could be fundamental or composite and could have both 
Lorentz-invariant and Lorentz-violating parts. The la- 
grangian (54) is assumed to combine with the matter 
and gauge sectors of the SME, perhaps along with other 
modes as yet unobserved, to yield a smooth connection 
to the underlying theory at the Planck scale. 

The Lorentz-invariant lagrangian CJ^}^ can be written 
as a series in powers of the curvature, torsion, and co- 
variant derivatives: 

= ei? - 2eA . . . . (55) 

The first term in this expression is the Einstein-Hilbert 
lagrangian >Ceh in Riemann-Cartan spacetime, while the 
second contains the cosmological constant A. When cou- 
pled to matter and gauge fields with energy-momentum 
and spin-density tensors defined as in Eq. (4), these two 
terms generate field equations of the form 

f^^'^' = kS^^''^' (56) 

for the Riemann-Cartan spacetime, where the trace- 
corrected torsion T^'^'^ is defined in Eq. (AlO) of ap- 
pendix A. In the Lorentz-invariant lagrangian (55), the 
ellipsis represents possible higher-order terms in curva- 
ture, torsion, and covariant derivatives. These terms gen- 
erate corrections to the field equations (56), and they can 
produce independently propagating vierbein and spin- 
connection modes corresponding to dynamical torsion 
and curvature. Note that terms with mass dimension 
greater than two typically lead to higher-derivative con- 
ditions. The complexity of the lagrangian series is al- 
ready considerable at second order in the curvature and 
torsion [44]. However, the explicit form of the higher- 
order Lorentz-invariant terms is unnecessary for present 
purposes. 

Following the discussion in section II A, each term in 
the Lorentz-violating lagrangian is constructed by 
combining coefficients for Lorentz violation with grav- 
itational field operators to produce a quantity that is 
both local observer Lorentz invariant and general ob- 
server coordinate invariant. The relevant field operators 
are formed from the vierbein, the spin connection, and 
their derivatives. It is convenient to express these op- 
erators in terms of the curvature, torsion, and covariant 
derivatives wherever possible. The lagrangian C^tj can 



then also be written as a series: 

+e{kDTY^^"'D^Tx^,^ + . . . . (57) 

In this equation, all the coefficients for Lorentz violation 
are real, and they inherit the symmetries of the associ- 
ated Lorentz-violating operators. The coeSicient (fcr)^^" 
has dimensions of mass, while the others listed are di- 
mensionless. The ellipsis represents higher-order terms 
in the curvature, torsion, and covariant derivatives, along 
with other possible higher-order terms such as the gravi- 
tational analogue of the Chern-Simons terms (51) in the 
SME gauge sector [45]. At low energies, the leading-order 
terms displayed explicitly in Eq. (57) describe dominant 
effects of Lorentz violation. As the relevant energies in- 
crease towards the Planck scale, higher-order terms rep- 
resented by the ellipsis in Eq. (57) are expected to play 
an increasingly significant role. 

Note that any coefficients for Lorentz violation in C]^^ 
with an even number of indices can also yield Lorentz- 
invariant contributions to the lagrangian (54), since they 
can contain pieces proportional to products of g^^^ and 
^KXfiv _ Similarly, by direct contraction with g'^^ and 
^kX^iv ^ any coefficients for Lorentz violation with an even 
number of indices can contribute to a position-dependent 
term of the same general form as the cosmological- 
constant term. The net effective cosmological constant 
may therefore be partially or entirely due to Lorentz vi- 
olation and may vary with spacetime position. It is con- 
ceivable that a simple model could be found featuring 
a realistically small cosmological constant tied to small 
Lorentz violation. 

The lagrangian series (55) and (57) can be organized 
according to the mass dimension of the operators or di- 
rectly in powers of the fields. In any case, several poten- 
tial simplifications can be considered. First, appropriate 
use of the Bianchi identities for the curvature and torsion 
may eliminate some combinations of operators. Second, 
partial integrations on operators with covariant deriva- 
tives can be used to interrelate terms if total derivatives 
are disregarded. In this way, for instance, the coefficient 
{koxY^^^ in Eq. (57) can be converted into a special case 
of the coefficient [kTr)"^^^'^" ■ Also, general topological 
results such as the Gauss-Bonnet theorem imply that un- 
der suitable circumstances some combinations of terms 
form topological invariants and so could be removed in 
the classical action. 

The Lorentz-violating terms in the lagrangian (57) in- 
troduce spacc;time anisotropics in the gravitational field 
equations, which in turn could trigger various physi- 
cal consequences of theoretical and experimental rele- 
vance. Standard gravitational solutions such as those for 
black holes, cosmology, gravitational waves, and post- 
newtonian physics are all expected to be corrected by 
terms depending on the coefficients for Lorentz violation 
in Eq. (57). These effects would be independent of ones 
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induced by Lorcntz violation in the matter and gauge 
sectors of the SME. Both for gravitational quanta and 
for other fundamental particles in the SME, the ensu- 
ing Lorentz- violating behavior can depend on momentum 
magnitude and orientation, spin magnitude and orienta- 
tion, and the particle species and CPT properties. 

The effects of Lorentz violation are likely to be large 
only in regions of large curvature and torsion, such as 
near black holes or in the early Universe, or in certain 
cosmological contexts such as those involving the cosmo- 
logical constant, dark matter, or dark energy. Nonethe- 
less, Lorentz-violating effects could be detectable in vari- 
ous situations. For example, the homogeneous Friedman- 
Robertson- Walker cosmological solutions may acquire 
anisotropic corrections, potentially leading to a realis- 
tic anisotropic cosmology with observable signals. Can- 
didate Lorentz-violating cosmological effects include the 
alignment anomalies on large angular scales reported in 
the Wilkinson Microwave Anisotropy Probe (WMAP) 
data [46], which are theoretically problematic in conven- 
tional scenarios [47]. Another example is provided by 
the gravitational-wave equations, which acquire correc- 
tions from the coefficients for Lorentz violation in Eq. 
(57). The resulting effects are compounded in certain 
scenarios for Lorentz violation. For instance, the Gold- 
stone modes arising from spontaneous Lorentz violation 
are known to affect the propagating degrees of freedom 
[4, 48]. Spacetime-anisotropic features of gravitational 
modes may eventually be detectable in Earth- or space- 
based gravitational- wave experiments [49]. For suitable 
astrophysical sources, comparisons of the speed of gravi- 
tational waves with the speed of light and neutrinos may 
also eventually be feasible, which would represent direct 
sensitivity to a combination of coefficients for Lorentz 
violation in the gravitational, photon, and matter sec- 
tors of the SME. Similarly, Lorentz violation may be 
detectable in laboratory and space-based experiments 
studying post-newtonian gravitational physics, such as 
tests of the inverse square law [50] or of gravitomagnetic 
effects, including geodetic precession and the dragging of 
inertial frames [51]. The detailed exploration of all these 
effects would be of definite interest but lies beyond the 
scope of the present work. 

Experiments sensitive to Lorentz violation in the mat- 
ter and gauge sectors of the SME [13, 17-30] suggest 
that the coefficients for Lorentz violation are minuscule, 
which is consistent with the notion that they arise as 
Planck-suppressed effects. If this feature extends to the 
gravitational sector as expected, it is likely that the many 
existing standard experimental tests of gravity [42] would 
lack suiEcient sensitivity to detect Lorentz violation, al- 
though a few may exhibit the necessary exceptional sen- 
sitivity. For the analysis of these experiments in the 
context of metric theories of gravity, a widely applica- 
ble test framework exists, called the parametrized post- 
Newtonian (PPN) formalism [52, 53] . A standard version 
of this formalism [42] that is relevant for solar system 
experiments assumes a Riemann spacetime asymptotic 



to Minkowski spacetime, a perfect fluid obeying conven- 
tional equations for the covariant conservation of energy 
momentum and for electrodynamic fields, and conven- 
tional geodesic equations for test particles. This PPN 
formalism contains ten parameters, and bounds on them 
have been obtained in a variety of experiments. Under 
suitable assumptions on the SME matter sector and in 
the zero-torsion limit, an explicit connection between the 
SME coefficients for Lorentz violation and the PPN pa- 
rameters should exist. Although beyond the scope of the 
present work, determining this connection would also be 
of definite interest. 



B. Riemannian limit 

The Lorentz-violating extension of Einstein's theory 
of general relativity is contained in the results of the 
previous subsection as the limit in which the torsion 
vanishes. This Riemann-spacetime limit is of interest 
both its own right and also as a case in which the 
field equations remain comparatively simple. Even in a 
Riemann-Cartan spacetime with nonzero torsion, the rel- 
evant dominant Lorentz-violating effects can under suit- 
able circumstances be extracted from the zero-torsion 
limit because in realistic situations torsion effects are typ- 
ically heavily suppressed compared to curvature effects. 

The remainder of this subsection assumes that quanti- 
ties such as the curvature tensor, its contractions, covari- 
ant derivatives, and the Einstein tensor are all evaluated 
in the zero-torsion limit. For simplicity, the tilde nota- 
tion for these quantities adopted elsewhere in the present 
work is suppressed throughout this subsection. 

The leading-order lagrangian terms for this zero- 
torsion theory consist of the Einstein-Hilbert and 
cosmological-constant terms, together with the 
curvature- linear Lorentz-violating piece of Eq. (57). 
In fact, the resulting action could also be obtained 
directly by starting from general relativity and imposing 
plausible constraints on the form of allowed Lorentz- 
violating terms. It is convenient to expand the coefficient 
{knY^^^ for Lorentz violation in Eq. (57) and to write 
the action in the form 

5e,c.,A = ^ / d'^xleil - u)R - 2eA 

(58) 

The introduction of the coefficients s^^, t'^^^^ , u ex- 
plicitly distinguishes unconventional effects involving the 
Riemann, Ricci, and scalar curvatures and so can simplify 
the consideration of certain special models. As an exam- 
ple, consider the action (B3) of the curvature-coupled 
bumblebee model described in appendix B. With the 
field B^^ = b'^ + SB'^ expanded about its Lorentz-violating 
vacuum value, this theory incorporates only a coefficient 
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for Lorentz violation of the s'^'^ type: 

4- = ^m'' - ^^b^g^-. (59) 

In this equation, the trace has been absorbed into a u- 
rcscahng of R, although this could be avoided by adding 
an extra term —jS^eB^R to the lagrangian (B3). In gen- 
eral, if indeed there is Lorentz violation in nature, coef- 
ficients for Lorentz violation of only tlic^ s'^" or only the 
^kX^v type might well emerge as the result of a compar- 
atively simple mechanism at the Planck scale. 

The coefficients for Lorentz violation s'*'^ and t'^^^'^ 
appearing in the action (58) are real and dimension- 
less. By definition, s'^'^ inherits the symmetries of the 
Ricci tensor and t'^^i^'^ inherits those of the Riemann ten- 
sor. In considering the full theory (58), the saturated 
traces of these coefficients could be assumed to vanish, 
s^^^ = t^^^^, = 0, since any nonzero values could be ab- 
sorbed into the Lorentz- invariant coefficient u. Moreover, 
single traces of t'^^i^^ such as f^^ ^ could also be assumed 
zero, since nonzero contributions could be absorbed into 
s^^ . It follows that the theory (58) involves 19 inde- 
pendent Lorentz-violating degrees of freedom, nine con- 
trolled by the trace-free coefficient s'"' and ten controlled 
by the trace- free t'^-^'"^. Only one combination of these 
19 coefficients, given in a local frame by s°q = —s'-, is 
locally rotation invariant. Note that the vanishing-trace 
assumptions are equivalent to replacing s'"^ and t'^^t^'^ 
with their irreducible Ricci and Weyl pieces, whereupon 
the Lorentz-violating part of the lagrangian for the action 
(58) could be written in the form 

£e,a,,A D es'^^J?^, + er^^^^A^,, (60) 



where i?^^ is the trace-free Ricci tensor and CkX^v is the 
Weyl tensor. 

The above properties of s'"' and t'*^'^" are reminiscent 
of those for the coefficient {kF)KXiiv in the QED extension 
or the CPT-even coefficients in the gauge sector of the 
SME. This is because s^^ and t'^^t^" are extracted from 
the coefficient {UrY^i"' in Eq. (57), which like {kF)K.Xnu 
has the symmetries of the Riemann tensor. Among the 
consequences is that the coefficient s'*'' can under suit- 
able circumstances be moved to other sectors of the SME 
by redefining the coordinates and fields, following the dis- 
cussion at the end of section III A. 

Since the theory (58) is torsion free, the gravitational 
field equations can be obtained directly by varying with 
respect to the metric while treating the spin connection 
as a dependent variable. Restricting attention for sim- 
plicity on the case with u = A = but making no as- 
sumptions about the traces of s^^ and t'^^t^" ^ the varia- 
tion of the action can be written as 

+ eR^'^ds^, + eR'^^'^'^St^x^^. 

(61) 

The variations (5s^^ and 5ti^\fj_i, are included in this ex- 
pression for completeness. They contribute to the vari- 
ational equations fixing the coefficients s^" , t'^^t^" for 
Lorentz violation. In Eq. (61), the quantity (T^"*)^" 
is defined by 



Then, denoting by Tg^" the symmetric energy- 
momentum tensor arising from varying the matter sector 

with respect to the metric g^^, the field equations follow- 
ing from the variation (61) are found to be 

G^"" - (T'^'^y = KTg^'''. (63) 

These 10 extended Einstein equations incorporate the 
leading-order effects of Lorentz violation in general rela- 
tivity, and they reduce as expected to the usual Einstein 
equations when sf^" and t'^^t^'^ vanish. Although beyond 
the scope of the present work, it would be of interest and 
appears feasible to study the Cauchy initial-value prob- 
lem for these extended equations. The presence of coef- 
ficients for Lorentz violation can be expected to modify 
the conventional analysis [54] . 

The extended Einstein equations (63) imply several 



other results. Tracing with the metric gives 

R - D^Dps'^P - Ra^^st"^^^ = -KTg, (64) 

where Tg = g^^Tg^^" . This expression is comparatively 
simple because several terms vanish as a consequence of 

the symmetries of s^'' and t'^^t^'^ . The result (64) in turn 
can be used to obtain the trace-reversed version of Eq. 
(63): 

R^"" = KiTg"" - Igi'^Tg) + {T^'^y 

+\g<'"{D^D08''P + R^p^,t''^'^'). (65) 

The presence of nonzero s'''" and t'^^i^" also allows some 
qualitatively different types of trace condition. For ex- 
ample, contracting s^" with Eq. (63) yields 

Sy.M^'' « KS^.T/'^ (66) 
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to first order in the small coefficients for Lorentz viola- 
tion. 

Acting with on the extended Einstein equations 
(63) and imposing the trace Bianchi identity D^G^'^ = 
yields the condition 

-At^p^,D''Rp-<. (67) 

This condition can be interpreted as the statement of co- 
variant conservation of total energy-momentum, includ- 
ing both the matter energy-momentum tensor Tg^'^ and 
the energy-momentum contribution from the curvature 
couplings associated with si^" , ^kXhv rj^^^ same result 
would also follow by direct calculation of D^jTg^'^ using 
the matter-sector action, followed by substitution of the 
complete variational equations for s*"^ and t"'^!^" . Since 
by definition Tg^^ is independent of the Lorentz- violating 
curvature couplings involving s^^ and t'^^t^^ ^ all the terms 
on the right-hand side of Eq. (67) would then arise from 
the latter step. Note that Eq. (67) implies the matter 
energy-momentum tensor can be covariantly conserved 
by itself, D^jTg^'^ = 0, under suitable circumstances. For 
example, this is the case for any solution to the equa- 
tions of motion obeying the conditions Rf^^ = and 

DaS0^ = Datfi^Sc = 0. 

An illustrative example of the above considerations 
is provided by the zero-torsion limit of the curvature- 
coupled bumblebee model described in appendix B. This 
model involves a tracelcss coefficient s^" given in Eq. 
(59), but the relevant calculations in this case can be per- 
formed for the full theory. The matter energy-momentum 
tensor obtained from the action (B3) is 

T^, = -B^„B% - iB^pB'^^g^, - Vg^^ + 2V'B^B,, 

(68) 

where the prime denotes differentiation with respect to 
the argument, as usual. The equations of motion are the 
extended Einstein equations, 

+ lD^D^(B"B,) + IDMB'^B^) 

- \D^{BM - \g^..D„Dp{B^BP)], 

(69) 

and the equations for the bumblebee field, 

Df.B^'" = 2V'B'' - ^Bi.R^"'. (70) 

The latter imply the covariant current-conservation law 

D42KrB-^) = D^i^B^R^^^). (71) 



The covariant conservation law for the energy- 
momentum tensor is 

kD^'T/^^ = ^DP{R^pB"B,) - ^^R^f>D,{B„Bp), (72) 

and it can be obtained at least two ways. One follows the 
derivation of Eq. (67), taking the covariant derivative of 
the extended Einstein equations (69) and applying the 
trace Bianchi identity. The other applies the procedure 
outlined below Eq. (67), involving the direct calculation 
of D^T^j^ from the defining equation (68), followed by 
substitution of the equations of motion (70). 

C. Geometry 

This subsection contains some remarks about the com- 
patibility of explicit Lorentz violation with the geometry 
of a Riemann-Cartan spacetime. For simplicity, the ar- 
guments are presented allowing for torsion but restrict- 
ing Lorentz violation to the matter sector. They can be 
extended to other situations, including the presence of 
Lorentz-violating curvature and torsion couplings, and 
they contain as a special limit the case of general relativ- 
ity coupled to a Lorentz-violating matter sector. 

The basic chain of reasoning is as follows. The ge- 
ometry of a Riemann-Cartan theory with local Lorentz 
and general coordinate invariance can be regarded as a 
bundle of frames over a base spacetime manifold endowed 
with a metric and with structure group being the Lorentz 
group. This framework offers the freedom to define cer- 
tain geometrical quantities, notably the curvature and 
torsion, prior to specification of the equations of motion 
that fix the spacetime. The curvature and torsion are re- 
quired by the geometrical structure to satisfy two sets of 
Bianchi identities. The curvature and torsion and hence 
the Riemann-Cartan spacetime arc fixed by demanding 
that they also solve certain other differential equations, 
the field equations. The Bianchi identities impose certain 
conditions on the sources of the field equations, and the 
compatibility of these conditions with properties of the 
sources is a necessary requirement for the theory to be 
self-consistent. However, for sources exhibiting explicit 
Lorentz violation, it turns out that these conditions are 
typically incompatible with the covariant conservation 
laws for the energy-momentum and spin-density tensors. 

To demonstrate this, it is convenient to start with the 
Bianchi identities in the form given in Eq. (A14) of ap- 
pendix A. Some manipulation, which includes taking 
traces, converts the first of these into the form 

D^G^'' = ir^^^E"'^^'' - T^'^-R^x. (73) 

From this expression, it is straightforward to prove the 

identity 

{D^ - r\^)G^'^ + T^^ "G^^ + \R''^^%pc, = 0, (74) 

where the trace-corrected torsion T^^^'^ is defined in Eq. 
(AlO) of appendix A. Similarly, tracing the second 
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Bianchi identity and extracting the antisymmetric part 

of the Einstein tensor yields 

_ n n — n 

— D'^Ta^v +T^jja'^°'liv: (''5) 

from which follows the identity 

-G'''^ = -{Da-T'^0jT'=""'. (76) 

Note that the results (74) and (76) are a strict conse- 
quence of the original two Bianchi identities (A14), fol- 
lowing from basic tensorial manipulation alone. 

The identities (74) and (76) have been written so that 
direct substitution of the field equations yields conditions 
on the sources in the form of covariant conservation laws. 
Taking A to be zero for simplicity, the field equations (56) 
become G^"" = nTe^" and f^^'^ = kS^^"^. Substitution 
immediately gives 

/ r-) rp\ \rp I rp\ rp fJ, ,1 r,ab Q M — O 

V-'^M XnJ^e ly ^ -L ^uAe \^ 2^ f^v'^'^ ab " ^' 

T/- - T/'' - (Da - T^0a)S^"'"'' = 0. 

(77) 

These two equations have the same form as the covariant 
conservation laws (6), (9), except that the terms in the 
latter two that depend on the coefficients kx for explicit 
Lorentz violation are missing in Eq. (77). The two sets of 
equations are therefore incompatible unless these terms 
vanish identically. 

The incompatibility arises from the special geometri- 
cal structure of the gravitational bundle of frames, which 
ties the Bianchi identities to the equations of motion in 
a nontrivial way. This can already be seen in the con- 
text of conventional general relativity without torsion, 
where the Bianchi identities are Df^G^'^ = 0, the Ein- 
stein equations are G^" = kT^" , and substitution of the 
Einstein equations into the Bianchi identities yields the 
constraint D^T^" = on the energy-momentum source. 
In contrast, the geometrical description of a local gauge 
theory lacks this feature. For example, the geometry of a 
theory such as QED with U(l) gauge invariance is based 
on a principal fiber bundle with U(l) structure group 
over a base spacetime manifold. The curvature of the 
bundle is the antisymmetric field strength F^j,, obeying 
the Bianchi identities dxF^i, + d^Fi,\ + d,jF\^ = 0. The 
field strength and hence the bundle geometry are fixed 
by imposing equations of motion, say d^F^^" = j" . In 
this instance, direct attempts to substitute the equations 
of motion into the Bianchi identities fail to yield the 
current-conservation law di^j'^ = 0, which instead fol- 
lows immediately from the equations of motion by virtue 
of the antisymmetry of the curvature F^'^. The current 
source j'^ can therefore incorporate explicit Lorentz vio- 
lation without incompatibility. 

The above clash between geometry and symmetry vi- 
olation occurs for explicit Lorentz breaking but not for 
spontaneous Lorentz breaking. As discussed in section 



TIB, Eq. (77) is indeed valid when Lorentz symmetry is 
spontaneously broken. For example, no difficulties are 
encountered in the treatment of the bumblebee model in 
the previous subsection. Since in a suitable limit the ef- 
fects of spontaneous symmetry breaking can be approx- 
imated by terms in the action with explicit symmetry 
breaking, it is interesting to consider how in this limit the 
results (6) and (9) are recovered from the law (77). Sup- 
pose the spontaneous Lorentz violation occurs when a set 
of fields fx acquire nonzero vacuum values kx ■ The limit 
in question requires discarding all modes of fx represent- 
ing fluctuations about kx- including massive modes and 
Goldstone modes or their Higgs equivalents. Discarding 
the massive modes has no untoward consequences in the 
low-energy limit. However, in the case of spontaneous 
Lorentz violation, it is known that the Goldstone modes 
are absorbed into the gravitational fields without gen- 
erating a mass for the graviton /i^^ [4, 48]. Discarding 
the Goldstone modes therefore changes certain degrees 
of freedom in the curvature and torsion, and so it is un- 
surprising that the condition (77) becomes modified in 
this limit. It would be of some interest to demonstrate 
this limiting procedure in a simple model, including the 
explicit recovery of Eqs. (6) and (9), but this lies outside 
the scope of the present work. 

Another interesting question is whether there exists an 
alternative to the geometry of the Ricmann-Cartan bun- 
dle of frames that would yield consistent Bianchi iden- 
tities in the presence of explicit Lorentz violation. In- 
tuitively, the clash described above arises because the 
Riemann-Cartan geometry is predicated upon the exis- 
tence throughout the bundle of certain geometrical quan- 
tities like the curvature and torsion. Incorporating a co- 
efficient for Lorentz violation corresponds geometrically 
to introducing another quantity that couples to the exist- 
ing ones but that originates outside the Riemann-Cartan 
framework and hence disrupts it. However, it is rea- 
sonable to conjecture that a more general geometrical 
framework can be constructed in which the basic geomet- 
rical entities implement directional dependences at each 
spacetime point corresponding to nonzero coefficients for 
explicit Lorentz violation. One option might be to gen- 
eralize the notion of metric to include a dependence on 
direction, as occurs in Finsler geometries [55]. 



VI. SUMMARY 

In this work, the gravitational couplings in the 
Lorentz- and CPT-violating Standard-Model Extension 

(SME) have been studied. A general framework is dis- 
cussed for treating Lorentz violation in the context of a 
Riemann-Cartan spacetime with curvature and torsion. 
This allows the description of gravitational c;oiiplings in- 
volving matter fields for bosons and fermions, with the 
general-relativistic and Minkowski-spacetime cases recov- 
ered as special limits. 

The Lorentz- and CPT-violating QED extension in- 
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corporating gravitational couplings is constructed, and 
the dominant terms in the low-energy effective action 
are explicitly given. The partial action in the fermion 
sector can be found in Eq. (12). Many of the prop- 
erties and physical implications are similar to those of 
the Minkowski-spacetime limit, but some new features 
emerge in the presence of nonzero curvature and torsion. 
The leading terms in the photon partial action for the 
QED extension arc given in Eq. (25), and some conse- 
quences of the gravitational coupling are deduced. 

The action for the matter and gauge sector of the 
SME with gravitational couplings is considered in sec- 
tion IV. First, the conventional Standard Model of par- 
ticle physics is embedded in a Riemann-Cartan space- 
time. Then, the lagrangian terms expected to dominate 
Lorentz- and CPT-violating physics at low energies are 
explicitly given for the case of SU(3) xSU(2) xU(l) invari- 
ance. Up to possible coordinate and field redefinitions, 
each term in the SME offers a distinct way for Lorentz 
symmetry to be violated. The presence of gravitational 
couplings enhances the options for experimental tests. 

The pure-gravity sector of the SME is considered in 
section V. The leading-order terms in the lagrangian 
are given in Eqs. (55) and (57). These terms suggest 
several interesting directions for theoretical and experi- 
mental study. The special limit of zero torsion, which 
is the Lorentz-violating extension of general relativity, 
is comparatively simple. The Lorentz-violating physics 
is dominated by the action (58), which contains 19 in- 
dependent coefficients for Lorentz violation. The pres- 
ence of Lorentz-violating curvature couplings has sev- 
eral physical implications, such as curvature-dependent 
modifications to the covariant conservation law. In sub- 
section VC, some geometrical issues associated with ex- 
plicit Lorentz breaking in the effective field theory are ad- 
dressed. Explicit Lorentz breaking is shown to clash with 
the geometry of Riemann-Cartan spacetime, but sponta- 
neous Lorentz violation encounters no difficulty. 

In conclusion, relativity violations provide candidate 
low-energy signals for a unified quantum theory of grav- 
ity and other forces. The SME is the appropriate gen- 
eral framework for describing the associated Lorentz- and 
CPT-violating effects. The gravitational couplings pre- 
sented in this work offer promising directions for explo- 
ration, with the potential ultimately to offer insight into 
physics at the Planck scale. 
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APPENDIX A: CONVENTIONS 

The Minkowski metric rjab in a local Lorentz frame is 
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Note that this metric convention involves a sign relative 
to that adopted for the original discussion of the SME 
in Ref. [3]. The antisymmetric tensor in this frame is 
fixed by eoi23 = +1- The Dirac matrices in this frame 
are taken to satisfy 



{7^7^} = -2r/"^ 
with the additional definition 



(A2) 



(A3) 



Latin indices are used to label local Lorentz coordi- 
nates, while Greek indices are used for spacetime coordi- 
nates. However, x, y denote generic (composite) indices 
spanning an irreducible representation {X^ab])'^y of the 
local Lorentz group. The commutation relations for the 
Lorentz algebra are 

[-'^[a6])-'^[cd]] = VacXlbd] " »?od-'^[6c] " VbcX[ad\ + Vbd^lac]- 

(A4) 

For example, for the spinor representation X[ab] = 
—iaab/'^, while for the vector representation {X^abjYd ~ 

-Va^Vbd + VadVb"- 

The Minkowski metric is related to the curved- 
spacetime metric g^i, by the vierbein e^": 



(A5) 



The determinant of the vierbein is denoted e. To avoid 
confusion, the charge on the electron is denoted hy —q. 
The symbol D is used for all covariant derivatives, includ- 
ing spacetime, internal, and mixed covariant derivatives, 
with the meaning understood from the context or oth- 
erwise specified. For the spacetime covariant derivative, 
the connection is assumed to be metric: 



0, Dxe,.'' = 0. 



(A6) 



The spacetime covariant derivative corrects local 
Lorentz indices with the spin connection w^"*". Thus, 
acting on a field p , it takes the matrix form 

{D^Yjy = [5\d^ - ia;/^X[„,])-J fy. (A7) 

The covariant derivative of the conjugate representation 
fx is given by the same equation with replaced by fx 
and the minus sign replaced by a plus sign. 

Curved-spacetime indices are corrected with the Car- 
tan connection P-^^j,, while mixed objects acquire both 
types of correction. For example, 

i5^e/ = 5^e/ - T^^^e^'^ + uj^.e^K (AS) 
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The Cartan connection is a combination of the Levi- 
Civita connection and the torsion tensor: 

= {;l}-V)'+^n.' m 

where the first term after the second equality is the 
Christoffcl symbol and T'*'^^ = —T\^ is the torsion ten- 
sor. Parentheses enclosing pairs of indices denote sym- 
metrization with a factor of 1/2. 

In practical applications, the trace-corrected torsion 
tensor defined by 

fX^^u = yA^. ^ T'^^^gxu + r"a.5A^ (AlO) 

is often useful. Also, equations involving torsion are 
sometimes more profitably expressed in terms of the con- 
tortion tensor K^^^, defined as 

^^fiv = '^i'^^fiu ~ '^fiiy^ ~ "^vti^)- (All) 

The inverse relation is T\„ = K^„„ - K^„„. The 
contortion tensor obeys Kxfn, = —Kj,^\. Note that 

t'A _ rpX 

^ Xu — ^ XV 

The curvature tensor is defined as 

= (5r«,A + r%„r",,)-(M-i^) 

5k 

— ^ Xfiv 

-ilJi^v)], (A12) 

where R^'x^v usual Riemann curvature tensor in the 
absence of torsion, given by replacing the Cartan connec- 
tions in the first expression above with the corresponding 
Christoffel symbols. The Ricci tensor Rnv, the curvature 
scalar R, and the Einstein tensor are defined as 

R = g^^R^u, 
Gixv = R^iv — \gtj,uR- (A13) 

The reader is cautioned that the presence of nonzero tor- 
sion in a generic Riemann- Cartan spacetime means that 
these three quantities also differ from their Riemann- 
spacetime counterparts R, R^v, and G^v 

The curvature and torsion tensors satisfy symmetry 
properties that follow directly from their definition. They 
also obey the two sets of Bianchi identities 

(A/^iy) 

^ [D,T\^ + T\^T-^, - R\,^] = 0. (A14) 

(A/ii/) 

In these equations, the summation symbol is understood 
to represent the sum over cyclic permutations of the in- 
dices in parentheses. 



The definition (A5) and the condition (A6) fix the re- 
lationship between the spin connection and the torsion 
or contortion. The basic variables can be taken as the 
vierbein and the spin connection, and all other variables 
such as curvature and torsion can then be expressed in 
terms of these. For example, the Cartan connection is 

= e^"(a^e.„ - u;J'^e,,), (A15) 

while the torsion is 

Ta;.. = e/[(5^e,„ + w^af-e,') - {n ^ i^)], (A16) 

and the curvature is 

= e\e/[(a^a;/, + uj^\uj^%) - (m - u)]. (A17) 

Another useful expression is the relationship between the 
spin connection and the vierbein: 

+K,^xe''''e^''. (A18) 

In the limiting case of Riemann geometry relevant for 
Einstein gravity, the torsion and contortion are zero. 
This equation then fixes the spin connection in terms 
of the metric. Using these expressions, the standard 
Riemann-spacetime covariant derivative involving 
a symmetric connection and the Christoffel symbols 
emerges as the zero-torsion limit of the covariant deriva- 
tive in Eq. (A7). 

Various special cases of the general Riemann-Cartan 
spacetimes (which have R'^x^^j, T^^v both nonzero) are 
of interest. They include the Riemann spacetimes of gen- 
eral relativity mentioned above, with T^^^ = 0. The 
Weitzcnbock spacetimes [56] are defined by R'^x^^j = 0. 

The term 'flat' is reserved for spacetimes with R'^x/j.u = 0, 
which may have nonzero torsion. Finally, the Minkowski 
spacetimes have R'^Xfiu — "^^u — ^■ 

It is sometimes useful to work in a Minkowski- 
spacetime background containing weak gravitational 
fields. Then, the metric can be written as 

= ViJ-i' + h^v, (A19) 

where the metric fluctuation h^i, is symmetric. At lead- 
ing order, spacetime and local Lorentz indices can be 
treated as equivalent, and the vierbein and spin connec- 
tion can be expressed in terms of small quantities: 

fi/no — ^/na "I" £/na ~ ^/na "I" 2^fia "I" X/iai 

e w 1 + i/i, 

(A20) 

Here, the antisymmetric part of the vierbein fluctuation 
is denoted XiJ.a- This variable can be viewed as containing 
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the six extra degrees of freedom in the vierbein relative to 
the metric that transform under local Lorentz rotations, 
so fixing Xna can be regarded as a gauge choice. 

Throughout most of this work, natural units with H = 
c = eo = 1 are adopted. 

APPENDIX B: BUMBLEBEE MODEL 

Models in which the Lorentz violation arises from the 
dynamics of a single vector or axial- vector field B^, called 
the bumblebee field, are of particular interest because 
they have a comparatively simple form but encompass 
interesting features, including rotation, boost, and CPT 
violations. In a Riemann-Cartan spacetime. the field 
strength corresponding to i?^ can be defined either as 

Bij,v = Df^By - D^B^+ T^^jjBx 

= d^B^-d,B^, (Bl) 

or as 

Bij,v = Dfj,Bv — D^Bij,. (B2) 

The former is U(l) gauge invariant even in the presence 
of torsion while the latter is not, so the two definitions 
involve qualitatively different physics. However, they co- 
incide in Riemann or Minkowski spacetimes. 

As an example, consider the simple model with action 

Sb = j d^x[^{eR + ^eBi'B''R^,) 

- \eB^^B^^ - eV{B^B^ ± b% (B3) 

where ^ is a real coupling constant controlling a nonmini- 
mal curvature- coupling term, and is a real positive con- 
stant. The potential V driving Lorentz and CPT viola- 
tion can be chosen to have a minimum at B^B^^ ±b^ = 0. 



A simple choice for V(x) is V(x) = iA.T^, where A is a 
real coupling constant. Another simple choice with sim- 
ilarities to a sigma model is V{x) = Xx, where now A 
is a Lagrange-multiplier field. Note that the form of the 
potential ensures breaking of the U(l) symmetry, irre- 
spective of the definition (Bl) or (B2) adopted for S^^. 

In a region where the curvature and torsion vanish, 
the potential drives a nonzero vacuum value B^^ = 6'^, 
where = ^b"^. The quantity b^ is a coefficient for 

Lorentz and CPT violation. In a local Lorentz frame 
the condition becomes BaB"^ = b"^, and the local Lorentz 
coefficient ba can be taken to have a preferred form as dis- 
cussed in section II A. This holds in an asymptotically 
flat spacetime and also in the Minkowski-spacetime limit, 
although the effects of the potential may be masked for 
certain matter couplings and in regions of strong curva- 
ture and torsion. 

The physical insights offered by this theory are remark- 
ably rich. The special limit of Minkowski spacetime and 
the Lagrange-multiplier potential is equivalent to a the- 
ory studied many years ago by Nambu [57], who obtained 
an elegant proof that it is equivalent to electrodynamics 
in a nonlinear gauge. The case without Lorentz violation 
and zero potential V but with nonzero ^ has been used as 
an alternative theory of gravity in a Riemann spacetime 
by Will and Nordtvedt [42, 53, 58]. The theories with 
^ = were introduced in Ref. [4] to illustrate some ideas 
about spontaneous Lorentz violation, and these and re- 
lated models have been explored further in recent works 
[16, 59, 60]. In particular, if one or more fermion fields 
also appear in the action, the covariant axial coupling to 
the bumblebee field induces terms with coefficients for 
Lorentz and CPT violation of the type 6^ in the fermion 
sector of the SME [16]. The action (B3) with a poten- 
tial V and nonzero curvature coupling ^ is used as an 
illustrative example in parts of the present work. 
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